Introduction
Let G be a finite group, and suppose that F π /F is a G-Galois algebra extension of number fields. Write D(π) for the different of F π /F and O π for the ring of integers of F π . If P is any prime of O π , the power v P (D(π)) of P occurring in D(π) is given by
where G
(i)
P denotes the i-th ramification group at P (see [13, Chapter IV, Proposition 4] (Let us remark at once that if |G| is even, then D(π) −1 may well-but of course need not-also have a square root.) Recall that F π /F is said to be weakly ramified if G
P = 0 for all prime ideals P of O π . B. Erez has shown that F π /F is weakly ramified if and only if A(π) is a locally free O F G-module (see [8, Theorem 1] ). Hence, if F π /F is weakly ramified, it follows that A(π) is a locally free ZG-module, and so defines an element (A(π)) in the locally free class group Cl(ZG) of ZG.
The following result is due to Erez (see [8, Theorem 3] ). Theorem 1.1. Suppose that F π /F is tamely ramified, and that |G| is odd. Then A(π) is a free ZG-module.
Based on this and other results, S. Vinatier has made the following conjecture: Conjecture 1.2. Suppose that F π /F is weakly ramified, and that |G| is odd. Then A(π) is a free ZG-module.
The first detailed study of the Galois structure of A(π) when |G| is even is due to the second-named author and Vinatier [5] . By studying the Galois structure of certain torsion modules first considered by S. Chase [6] , they proved the following result,and thereby were able to exhibit the first examples for which (A(π)) = 0 in Cl(ZG) (see [5, Theorem 2] ). Theorem 1.3. Suppose that F π /F is tame and locally abelian (i.e. the decomposition group at every ramified prime of F π /F is abelian). Assume also that A(π) exists. Then (A(π)) = (O π ) in Cl(ZG).
For any F π /F (independent of ramification), T. Chinburg has defined an invariant Ω(F π /F, 2) ∈ Cl(ZG) (see [7] ), and he has conjectured that Ω(F π /F, 2) = W Fπ/F , (
where W Fπ/F denotes the Cassou-Noguès-Fröhlich root number class, which is defined in terms of Artin root numbers attached to non-trivial irreducible symplectic characters of G.
(In particular, if |G| is odd, and so has no non-trivial irreducible symplectic characters, then W Fπ/F = 0.) A well-known theorem of M. Taylor [16] asserts that if F π /F is tame, then (O π ) = W N/F , and Chinburg has shown that (again assuming F π /F tame) Ω(F π /F, 2) = (O π ), (1.2) thereby establishing the conjectured equality (1.2) in this case.
We therefore see that Theorem 1.3 may be viewed as saying that if F π /F is tame and locally abelian, and if A(π) exists, then we have Ω(F π /F, 2) = (A(π)) = (O π ).
In light of the results described above, Erez has made the following (unpublished) conjecture: Conjecture 1.4. Suppose that F π /F is weakly ramified, and that A(π) exists. Then Ω(F π /F, 2) = (A(π)). Conjecture 1.4 includes Vinatier's Conjecture 1.2 as a special case, and was the motivation for the work described in [5] . It also explains almost all previously obtained results on the ZG-structure of A(π). It seems plausible that Conjecture 1.4 might be implied by the T Ω locconjecture of Burns and Flach (see [4, Conjecture 8] ), but we have not investigated this. See however [3] for some very recent results in this direction. The goal of this paper is to prove Erez's conjecture for tame extensions. We shall show the following result. Theorem 1.5. Suppose that F π /F is tame, and that A(π) exists. Then
It follows at once that Theorem 1.5 removes the locally abelian hypothesis from Theorem 1.3. Our proof combines methods from [1] and [2] involving relative algebraic K-theory with the use of a non-abelian Galois-Jacobi sum. It is interesting to compare this latter aspect of our proof with the methods of [5] , where abelian Jacobi sums play a critical role.
An outline of the contents of this paper is as follows. In Section 2 we recall certain basic facts about relative algebraic K-theory from [1] and [2] . In Section 3, we discuss how ideals in Galois algebras give rise to elements in certain relative K-groups. Section 4 contains a description of the Stickelberger factorisation of certain tame resolvends (see [2, Section 7] ) in the case of both rings of integers and square roots of inverse differents, while Section 5 develops properties of Stickelberger pairings, and explains how these may be used to give explicit descriptions of the tame resolvends considered in the previous section. In Section 6 we recall a number of facts concerning Galois-Gauss sums. We define Galois-Jacobi sums, and we establish some of their basic properties. Finally, in Section 7, we show how GaloisJacobi sums may be used to prove our main result.
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Notation and conventions.
For any field L, we write L c for an algebraic closure of L, and we set
If L is a number field or a non-archimedean local field (by which we shall always mean a finite extension of Q p for some prime p), then O L denotes the ring of integers of L. If L is an archimedean local field, then we adopt the usual convention of setting O L = L.
Throughout this paper, F will denote a number field. For each place v of F , we fix an embedding F c → F c v , and we view Ω Fv as being a subgroup of Ω F via this choice of embedding. We write I v for the inertia subgroup of Ω Fv when v is finite.
The symbol G will always denote a finite group upon which Ω F acts trivially. If H is any finite group, we write Irr(H) for the set of irreducible F c -valued characters of H and R H for the corresponding ring of virtual characters. We write 1 H (or simply 1 if there is no danger of confusion) for the trivial character in R H . If L is a number field or a local field, and Γ is any group upon which Ω L acts continuously, we identify Γ-torsors over L (as well as their associated algebras, which are Hopf-Galois extensions associated to
and only if π 1 and π 2 differ by a coboundary. The set of isomorphism classes of Γ-torsors over L may be identified with the pointed cohomology set
If L is a number field or a non-archimedean local field we write
If A is any algebra, we write Z(A) for the centre of A. If A is an R-algebra for some ring R, and R → R 1 is an extension of R, we write A R 1 := A ⊗ R R 1 to denote extension of scalars from R to R 1 .
Relative algebraic K-theory
The purpose this section is briefly to recall a number of basic facts concerning relative algebraic K-theory that we shall need. For a more extensive discussion of these topics, the reader is strongly encouraged to consult [2, Section 5] as well as [1, Sections 2 and 3] and [15, Chapter 15] .
Let R be a Dedekind domain with field of fractions L of characteristic zero, and suppose that G is a finite group upon which Ω L acts trivially. Let A be any finitely-generated R-algebra satisfying A ⊗ R L LG.
For any extension Λ of R, we write K 0 (A, Λ) for the relative algebraic K-group that arises via the extension of scalars afforded by the map R → Λ. Each element of K 0 (A, Λ) is represented by a triple [M, N ; ξ], where M and N are finitely generated, projective Amodules, and ξ :
Recall that there is a long exact sequence of relative algebraic K-theory (see [15, Theorem 15 .5])
The first and last arrows in this sequence are induced by the extension of scalars map R → Λ, while the map
A,Λ is defined as follows. The group K 1 (A ⊗ R Λ) is generated by elements of the form (V, φ), where V is a finitely generated, free A ⊗ R Λ-module, and φ : φ) ), we choose any projective A-submodule T of V such that T ⊗ A Λ = V , and we set
It may be shown that this definition is independent of the choice of T .
Let Cl(A) denote the locally free class group of A. If Λ is a field (as will in fact always be the case in this paper), then (2.1) yields an exact sequence
and this is the form of the long exact sequence of relative algebraic K-theory that we shall use in this paper. We shall make heavy use of the fact that computations in relative K-groups and in locally free class groups may be carried out using functions on the characters of G. Suppose that L is either a number field or a local field, and write R G for the ring of virtual characters of G. The group Ω L acts on R G via the rule given by
where ω ∈ Ω L , χ ∈ Irr(G), and
If T is any representation of G with character φ, then we set Det(a)(φ) := det(T (a)). It may be shown that this definition is independent of the choice of representation T , and so depends only upon the character φ. The map Det is essentially the same as the reduced norm map
and we have Det(a)(φ) = nrd(a)(φ). Suppose now that we are working over a number field F (i.e. L = F above). We define the group of ideles J(K 1 (F G)) (respectively finite ideles J f (K 1 (F G))) to be the restricted direct product over all places (respectively over all finite places) v of F of the groups Det(F v G)
For each place v of F , we write
for the obvious localisation map. Let E be any extension of F . Then the homomorphism
induces a homomorphism
There is a natural isomorphism
(c) Let v be a place of F , and suppose that L v is any extension of F v . Then there are isomorphisms
Proof. Part (a) is due to A. 
, and that M and N are locally free Amodules of rank one. An explicit representative in
may be constructed as follows.
For each place v of F , fix A v -bases m v of M v and n v of N v . Fix also an F G-basis n ∞ of N F , and choose an isomorphism θ :
Hence, for each place v, we may write
where
If we write θ E : M E ∼ − → N E for the isomorphism afforded by θ via extension of scalars, then we see that the isomorphism ξ • θ
Remark 2.4. We see from Theorem 2.1(b) and (c) that there are isomorphisms
There is a natural injection
It is not hard to check that this map is induced by the inclusion map
We conclude this section by recalling the description of the restriction of scalars map on relative K-groups and locally free class groups in terms of the isomorphism given by Theorem 2.1(b).
Suppose that F 1 /F is a finite extension, and that E is an extension of F 1 . Then restriction of scalars from O F 1 to O F yields homomorphisms
which may be described as follows (see e.g. [12, Chapter IV] or [17, Chapter 1] ).
Let {ω} be any transversal of Ω F 1 \Ω F . Then the map
and
These homomorphisms are independent of the choice of {ω} and are equal to the natural maps on relative K-groups (resp. locally free class groups) afforded by restriction of scalars from O F 1 to O F .
Galois algebras and ideals
Let L be either a number field or a local field, and suppose that
where π G denotes the set G endowed with an action of Ω L via the cocycle π (i.e. g ω = π(ω)·g
The Wedderburn decomposition of the algebra L π may be described as follows. Set
and this isomorphism depends only upon the choice of a transversal of π(Ω L ) in G. It may be shown that every G-Galois L-algebra is of the form L π for some π, and that L π is determined up to isomorphism by the class [π] of π in the pointed cohomology set H 1 (L, G).
In particular, every Galois algebra may be viewed as being a sub-algebra of the L c -algebra
(This is an isomorphism of L c G-modules, but it is not an isomorphism of L c -algebras because it does not preserve multiplication.)
Proposition 3.2. Let F π /F be a G-extension of a number field F , and suppose that
is represented by the image of the idele
Proof. For each place v of F , write
represented by the image of the idele [(
(because the resolvend map is an isomorphism of F c G and F c v G-modules), and this implies (a). Part (b) now follows directly from (a).
To show part (c), we first recall that
and that an element c
Now a standard property of resolvends implies that
for every ω ∈ Ω Fv (see e.g. [2, 2.2]), and so we see that (r
(In fact, as we may take l 1,v = l 2,v for almost all v, we may suppose that
It is a classical result, due to E. Noether, that a G-extension F π /F is tamely ramified if and only if O π is a locally free (and therefore projective) O F G-module. S. Ullom has shown that if F π /F is tame, then in fact all G-stable ideals in O π are locally free. He also showed that if any G-stable ideal B, say, in a G-extension F π /F is locally free, then all second ramification groups at primes dividing B are equal to zero (see [19] ). If F π /F is any G-extension for which |G| is odd (and so the square root A(π) of the inverse different automatically exists), then B. Erez has shown that A(π) is a locally free O F G-module if and only if all second ramification groups associated to F π /F vanish, i.e. if and only if F π /F is weakly ramified. 
We see from (2.2) that in order to show that (A(π)) = (O π ) in Cl(ZG), we must show that ∂ 0 (N F/Q (c)) = 0.
Local decomposition of tame resolvends
Our goal in this section is to recall certain facts from [2, Section 7] concerning Stickelberger factorisations of resolvends of normal integral basis generators of tame local extensions, and to describe similar results concerning resolvends of basis generators of the square root of the inverse different (when this exists).
Let L be a local field, and fix a uniformiser = L of L.
Fix also a compatible set of roots of unity {ζ m }, and a compatible set { 1/m } of roots of . (Hence if m and n are any two positive integers, then we have (ζ mn ) m = ζ n , and
The group Ω nr := Gal(L nr /L) is topologically generated by a Frobenius element φ which may be chosen to satisfy
for each integer m coprime to q. Our choice of compatible roots of unity also uniquely specifies a topological generator σ of Ω r := Gal(L t /L nr ) by the conditions
for all integers m coprime to q. The group Ω t := Gal(L t /L) is topologically generated by φ and σ, subject to the relation Let n be an integer with 0 ≤ |n| ≤ e − 1, and let us consider the ideal
We wish to explain why Suppose that s( M ) = ζ · M , where ζ is a primitive e-th root of unity. Then for each 0 ≤ j ≤ e − 1, we have
Multiplying both sides of this last equality by ζ −(l+n)j , where 0 ≤ l ≤ e − 1 gives
Now sum over j to obtain
So, if for any χ ∈ Irr(H), we choose the unique integer (χ, s) H,n in the set
such that χ(s) = ζ (χ,s) H,n , then we see that
The cases n = 0 and n = (1 − e)/2 (for e odd) correspond to the ring of integers and the square root of the inverse different respectively, and we see the appearance of the relevant Stickelberger pairing (see Definition 5.1 below) in each case.
It follows from (4.2) that
As B n is an O L -basis of the ideal n M · O M , and as ζ e ∈ O L , we see that
we set
note that β g depends only upon |g|, and so in particular we have
. Write s := π(σ) and t := π(φ). Then (4.1) implies that t · s · t −1 = s q , and so we see that s ∈ Σ(G). We define, π r , π nr ∈ Map(Ω t , G) by setting
It may be shown that in fact π nr ∈ Hom(Ω nr , G), and so corresponds to a unramified Gextension L πnr of L. It may also be shown that π r ∈ Hom(Ω r , G), corresponding to a totally If in addition |s| is odd, then the inverse different of L π /L has a square root A(π), and
We can now state the Stickelberger factorisation theorem for resolvends of normal integral bases.
is a normal integral basis generator of L π /L.
Proof. See [2, Theorem 7.9].
We shall now describe a similar result (due to C. Tsang when G is abelian) concerning O L G-generators of the square root of the inverse different of a tame extension of L.
Definition 4.4. Suppose that g ∈ G and that |g| is odd. Set
) . 
Proof. To ease notation, set N := L nr and H := s .
, because N/L is unramified. Hence, to establish the desired result, it suffices to show that
As r G (a nr ) ∈ (O N G) × , (4.9) is equivalent to the equality 11) where N π = N ( 1/|s| ) (cf. (3.1)), and this isomorphism induces a decomposition
is the square root of the inverse different of the extension N π /N .
It therefore follows from the definition of ϕ * s that (4.10) holds if and only if
This last equality follows exactly as in [18, Proposition 4.2.2], and a proof is given by taking n = (1 − e)/2 (for e odd) in Example 4.1 above.
Proof. This is a direct consequence of Theorems 4.3 and 4.5, together with the proof of Proposition 3.2(c).
Stickelberger pairings and resolvends
Our goal in this section is to describe explicitly the elements Det(r G (ϕ s )) and Det(r G (ϕ * s )) constructed in the previous section. We begin by recalling the definition of two Stickelberger pairings. The first of these is due to L. McCulloh, while the second is due to C. Tsang in the case of abelian G. See [2, Definition 9.1] and [18, Definition 2.5.1].
Definition 5.1. Let ζ = ζ |G| be a fixed, primitive, |G|-th root of unity. Suppose first that G is cyclic. For g ∈ G and χ ∈ Irr(G), write χ(g) = ζ r for some integer r.
(1) We define χ, g G = {r/|G|}, where 0 ≤ {r/|G|} < 1 denotes the fractional part of r/|G|. Alternatively (cf. Example 4.1), if we choose r to be the unique integer in the set {l : 0 ≤ l ≤ |G| − 1} such that χ(g) = ζ r , then
(2) Suppose that |G| is odd, and choose r ∈ [(1 − |G|)/2, (|G| − 1)/2] to be the unique integer such that χ(g) = ζ r . Define
We extend each of these to pairings
via linearity. Finally, we extend the definitions to arbitrary finite groups G by setting
s , where the second definition of course only makes sense when the order |s| of s is odd.
We shall make use of the following alternative descriptions of the above Stickelberger pairing using the standard inner product on R G (see [ For |s| odd, we also define
(b) If furthermore |s| is odd, then we have
(c) If |s| is odd, then
Then, for each χ ∈ R G , we have
Proof. Part (a) is proved in [2, Proposition 9.2]. The proof of (b) is the same mutatis mutandis. Part (c) follows directly from the definitions of Ξ s and Ξ * s , and then (d) follows from (a) and (b).
We may use Proposition 5.2 to describe the relationship between the two Stickelberger pairings in Definition 5.1 when |s| is odd. In what follows, for any finite group Γ, we write ψ 2 for the second Adams operation on R Γ . Thus, if χ ∈ R Γ and γ ∈ Γ, then
If L is a number field or a local field, we also write ψ 2 for the homomorphism
defined by
Proposition 5.3. Suppose that |s| is odd, and set
Thus in each case we have
and this establishes the claim. 
The desired result now follows from part (a), together with the fact that, for any χ ∈ R G , we have the equality
The following result describes the elements Det(r G (ϕ s )) and Det(r G (ϕ * s )) in terms of Stickelberger pairings. In what follows, we retain the notation and conventions of Section 4.
Proposition 5.4. Suppose that χ ∈ R G and s ∈ Σ(G).
(a) We have
(b) If |s| is odd, then we have
(c) For |s| odd, we have
That is to say,
Proof. Part 
Proof. This follows from Propositions 4.6 and 5.4(c).
Corollary 5.6. Suppose that |s| is odd. Let a π be any n.i.b. generator of L π /L, and b π be any free generator of
Proof. This follows from Proposition 5.4(c), together with the Stickelberger factorisations of r G (a πv ) and r G (b πv ) (Theorems 4.3 and 4.5).
Galois-Gauss and Galois-Jacobi sums
Let L be a local field of residual characteristic p.
, and recall that we have (see (3.1))
(Caveat: note that this is not the same thing as a local embedding Q c → Q c l !) For each rational prime l, write Q t l for the maximal, tamely ramified extension of Q l . We are going to use the following results.
(c) Let k ≥ 1 be an integer, and write ψ k for the k-th Adams operation on R G . Then for any rational prime l, we have that
(d) Suppose also that the square root A(π) of the inverse different of L π /L exists (i.e. that s := π(σ) is of odd order), and that
(e) With the notation and assumptions of (b) and (d), we have
(f ) With the notation and assumptions of (b) and (d), we have
Proof. To deduce (d), we argue as follows. We see from (b) and (c) that
On the other hand, from Corollary 5.6, we have
This implies (d)
Part (e) follows directly from (b) and (d). Part (f) is a direct consequence of (e).
Proposition 6.1(e) and Corollary 5.6 motivate the following definition.
Definition 6.2. We retain the notation established above. Define the adjusted Galois-Jacobi sum homomorphism associated to
It follows from the Galois action formulae for Galois-Gauss sums (see [11, pp. 119 and 152] 
with the natural map R G → R H . We remark that the Galois-Jacobi sum
is a special case of the non-abelian Jacobi sums first introduced by A. Fröhlich (see [10] ).
Proposition 6.4. (a) Suppose that l = p. Then
(b) Using the notation of Proposition 6.1, we have
, and that Q(µ p )/Q is unramified at l. It therefore follows from Proposition 6.1(a) and (c), together with Taylor's fixed point theorem for determinants (see [17, Chapter VIII, Theorem 1.2]), that
as claimed. we see from Proposition 6.1(e) that
7. Proof of Theorem 1.5
We can now prove the main result of this paper. Let [π] ∈ H 1 t (F, G), and write we exhibit an element f
Suppose therefore that v ∈ Ram(π), and that v lies above a rational prime p. Let
denote the adjusted Galois-Jacobi sum homomorphism associated to F v,πv /F v , and view J * v as lying in Hom Ω Q (R G , J(Q c )) via the standard diagonal embedding (Q c ) × → J(Q c ).
Then it follows from Proposition 6.4 that
Hence ∂ 0 (N F/Q (c(π; v))) = 0, and this establishes the desired result.
